Introduction
The present study is an attempt to emphasize some geometrical aspects of a possible mathematical model for the higher-order dynamics in continuous media as well as for the higher-order field theories.
The mathematicians agree (see [1] , [2] , [4] , etc) that the most suitable framework for this application is a higher-order jet bundle associated to a fibered manifold. A physical field is a section of this "configuration manifold". The partial differential equations describing some higher-order dynamics are the kernels of some operators which appear as sections in a vector bundle of forms over that jet bundle, [1] .
A. Vondra initiated such a study for a fibered manifold having the base of dimension 1, [5] , [6] , [7] .
We consider a fibered manifold (E, π 0 , B), where B is an orientable manifold of dimension n 1 ("parameter space" containing n− 1 "spatial variables" and a "time variable"), E is a manifold of dimension n + m and π 0 is a submersion of E on B.
In [4] one argues the importance of a covariant approach that is the time variable and the other parameters on the whole.
To start the study it is necessary to define some associated structures and geometrical objects as f (3, −1)-structures, contact forms, connection of order r, dynamical connections.
Our approach means, in a more general context, to consider the f (3, −1)-structure on a jet bundle introduced by Vondra in the case n = 1, [6] .
The results of § 4 (r = 1) generalize those obtained by Vondra in [7] . These results lead to a description of the geometrical dynamics of higher order generated by regular equations.
We shall use the standard multi-index notation. A multi-index is denoted by I = (i 1 , . . . , i n ) ∈ AE n . The length of I is |I| = i 1 + . . . + i n and its power is w(I) = |I|!/I! where I! = i 1 ! . . . i n !. 0 = (0, . . . , 0) is the null multi-index and 1 i = (0, . . . , 1, . . . 0) with 1 at the i-th place. For I = (i 1 , . . . , i n ), J = (j 1 , . . . , j n ) we define the sum I + J = (i 1 + j 1 , . . . , i n + j n ). In particular, Ij = jI = I + 1 j = (i 1 , . . . , i j−1 , i j + 1, i j+1 , . . . , i n ). For a family of objects A = {a i,J , |I| = m, |J| = 1} with m, l fixed, we may define a new family
(the sum is made for all multi-indexes I, J with I + J = L). The family of objects A = {a I,j , |I| = m} is identified with the family A = {a I,1j , |I| = m} for which
All manifolds and mappings are supposed to be smooth and the summation convention is used as far as possible.
Geometric structures on
and U ∩ U = ∅ then the coordinate transformations are
Let Γ(π 0 ) be the set of the sections of π 0 and for a local section on U ⊂ B, s ∈ Γ U (π 0 ), let us denote
where I = (i 1 , . . . , i n ) is a multi-index with |I| r. The equivalence relation in Γ U (π 0 ) is introduced as follows:
(x), 0 |I| r, x ∈ U and determines the r-jets of sections of π 0 in x, denoted by j r x s. Finally, the set of all such r-jets of sections of π 0 is a differentiable manifold denoted by J r E;
(J r E, π r , B), where
is a fibered manifold; for each pair (p, r) such that 0 p r − 1, (J r E, π pr , J p E),
is a fiber bundle. In particular, J r E is an affine bundle over J r−1 E and
For f ∈ F (J r E) the partial derivative of f in direction x i is defined by
In the local chart (U r , x i , u α I ) we have
where 0 |I| r, ∂ I α =:
and i is identified with 1 i , [3] , [1] .
For two local fibered charts on
with U ∩ U = ∅, the coordinate transformations are
where |L| = 1 + |I| and 0 |I| r − 1. The natural local basis on J r E is {∂ i , ∂ 
with 0 |I| r, 0 |J| p, leads to the vector subbundles V pr = Ker(π pr ) * , 0 p r − 1, of the tangent bundle T (J r E). The local fiberes of V pr determine regular differential systems (1.8)
on J r E having the property
These differential systems are generated by the vector fields {∂ I α }, 0 |I| r. We call the contact form
By using the canonical local basis and co-basis we obtain (1.11)
Finally, we consider a contact map on J r E which is a π * r (T * B)⊗ T (J r−1 E)-valued 1-form θ 1 locally given by (1.14)
We can also introduce some 1-forms
For each i ∈ {1, . . . , n}, let us define a
It follows from (1.17) that
Connection of order r. Dynamical connection of order r
A connection of order r on (E, π 0 , B) is a section Λ :
Any such connection is locally given by
where
The horizontal form h r of Λ and the vertical form v r are given by
The π r−1r -horizontal distribution Im h r is called the semispray distribution
(Λ) and it is locally generated on J r−1 E by the vector fields
The forms associated to ∆ r−1 r (Λ) are given by
The connection Λ of order r determines the direct sum decomposition
The condition of integrability is locally given by the relations 
and the contact form is (2.8)
Locally, such a connection is given by
The horizontal form h F d of F d and the vertical form v F d are given by
The horizontal distribution Im F d on J r−1 E is locally generated by the vector fields
or equivalently by the forms
is a f (3, −1)-structure on J r−1 E. In particular, we have
The subbundle
is called the weak horizontal subbundle associated to H. His generators and the vector fields
Also we have ÈÖÓÓ . The relation (3.9) follows from (3.6) and (2.10).
Ji , ∀L with |L| = r, |J| = r − 1. ÈÖÓÓ . A bijection is given by 
For the Lie derivation L Γ k we have
Then we can write
Now we put
H is a symmetric f (3, −1)-structure on J r−1 E, satisfying the condition (3.1).
It is easy to establish the following theorems.
Theorem 3.6. Each connection of order r defines a dynamical connection. Conversely, each dynamical connection determines a connection of order r.
If Λ is a connection of order r then the associated dynamical connection F d is given by
A dynamical connection F d determines a connection of order r given by
and F d is a dynamical connection on J r−1 E. The associated connection of order r is given by
A geometric study of systems of partial differential equations of second order
A dynamical connection F d on J 1 E is locally characterized by the vector fields
with 
For the vector fields (4.1) the following relations are satisfied:
For the forms (4.2) we have
The tensor field of type (1,1) associated with F d (see 3.11) is given by
With respect to the basis {Γ i , H α , V i α } and the co-basis {dx i , θ α , Ψ α i } the tensor field H has the form
From (4.7) we obtain
Let now ω = f (x)dx 1 ∧. . .∧dx n be a volume form on B and ω i = ι ∂i ω (the interior product with respect to ∂ i ). Then
We call the Poincaré-Cartan form of a function
where J(L) + t J(dL) = dL( J). In a local fibered chart we have
Now we consider the (n + 1)-form
Using a dynamical connection F d on J 1 E, the relations (4.4) and the fact that
we obtain We now make a general remark.
Remark. Let T be a tensor field of type (1,1) on a differential manifold M and let Ω be a 3-form on M . We can define in terms of T the following 3-forms on M :
On the other hand, we can associate with T an antiderivation δ T of degree zero on the algebra of forms on M . δ T is uniquely determined by the conditions
If we consider the operator d T given by
Theorem 4.1. The (n + 1)-form Ω L from (4.13) has the decomposition
ÈÖÓÓ . By using the above remark and (4.9) we have
Similarly,
If Ω The above theorem suggests the following definition:
is compatible with L iff the following conditions are satisfied:
ÈÖÓÓ . The definition yields From (4.27) we obtain ÈÖÓÓ . We consider the system of linear equations 
